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Abstract

The family consisting of the distributions of products of two independent beta variables is
extended to include cases where some of the parameters are complex. This “beta product”
distribution is expressible as a Meijer G function. An example (from risk theory) where such
a distribution arises is given: an infinite sum of products of independent random variables is
shown to have a distribution that is the same as that of the product of a complex-parameter
beta product and an independent exponential. The distribution of the infinite sum is a new
explicit solution of the stochastic equation X = (in law) B(X + C). Characterisations
of some G distributions are also proved.
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1. Introduction

The distribution of the product of two independent random variables each with a beta
distribution will be extended to cases where some of the parameters are complex. Although
this distribution clearly falls within the class of distributions that may be expressed as a
G function (= generalized hypergeometric function), it appears that the properties of
this distribution have not been studied before; in particular, the possibility of complex
parameters seems not to have been noticed. In order to show that complex parameters are
not just a useless curiosity, an example of a variable possessing such a distribution will be
given, originating in risk theory; this example is also a new explicit solution the equation
X

d=B(X + C) (“ d= ” will mean “has the same distribution as”).

These questions are related to the study of probability distributions on R+ with a
Mellin transform expressible as

Γ(a1 + t) · · ·Γ(ap + t)
Γ(a1) · · ·Γ(ap)

× Γ(b1) · · ·Γ(bq)
Γ(b1 + t) · · ·Γ(bq + t)

×Γ(c1 − t) · · ·Γ(cr − t)
Γ(c1) · · ·Γ(cr)

× Γ(d1) · · ·Γ(ds)
Γ(d1 − t) · · ·Γ(ds − t)

(1.1)

for constants {aj , bk, c�, dm}. The probability distribution with this Mellin transform, when
it exists, was denoted (

a1 · · · ap
b1 · · · bq

∣∣∣∣ c1 · · · cr
d1 · · · ds

)
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in Dufresne (1998); when there are no c’s or d’s this is shortened to

(
a1 · · · ap
b1 · · · bq

)
:=

(
a1 · · · ap
b1 · · · bq

∣∣∣∣ −
−

)
.

This family of distributions has been studied by others, see Mathai & Saxena (1973) for
references. I will refer to them as “G distributions”, though this is not a common expression.
This name will be used because Meijer’s G functions are defined as

Gm,n
p,q

(
a1, . . . , ap
b1, . . . , bq

∣∣∣∣ z
)

=
1

2πi

∫
L

∏m
j=1 Γ(bj − s)

∏n
j=1 Γ(1 − aj + s)∏q

j=m+1 Γ(1 − bj + s)
∏p

j=n+1 Γ(aj − s)
zsds,

and this says that distributions with a Mellin transform as in (1.1) have a density which
is a constant times a G function. Beta and gamma distributions and their multiplicative
convolutions are members of this family.

The usual beta density function cannot have one or both parameters in C − R, but
the multiplicative convolution of two beta densities with some parameters complex, or
even negative, does make sense as a probability density, and the result is a new probabil-
ity distribution, different from all real-parameter beta product distributions. The density
function of this complex-parameter beta product explicitly depends on those complex pa-
rameters. This must be one of the rare distribution families which has “natural” complex
parameters.

The definition and some of the properties of the beta product distribution are given
in Section 2. The set of possible parameters is completely specified, and this allows the

characterisation of all G distributions
(
a1 a2

b1 b2

)
on (0, 1). An example where the beta

product distribution arises is given in Section 3; the example is set in the context of risk
theory, but mathematically it is essentially about an infinite sum of products of random
variables, the distribution of which satisfies the functional equation X d=B(X+C). Sections
4 and 5 show that there is no extension to complex parameters when considering the
multiplicative convolutions of two gamma densities, or multiplicative convolutions of a
gamma and a beta density.

A number of authors have studied the distribution of the product of beta variables,
in particular because this topic relates to the distribution of Wilks’ statistic. Springer &
Thompson (1970) express the densities of products of beta and gamma variables in terms
of G functions, while Bhargava & Khatri (1981) relate products of beta variables to the
logbeta distribution (though they do not call it that way), as we do at the end of Section
2; Nadarajah (2005) studies sums, differences, products and ratios of non-central beta
distributions, and expresses the resulting densities in terms of hypergeometric functions,
as will be the case in this paper, though we only consider the ordinary beta distribution, not
the non-central forms. Other references on products of beta variables include Jambunathan
(1954), Tang & Gupta (1984), Fan (1991) and Pham-Gia (2000); none of those extend the
parameter set to include complex or negative numbers as is done in this paper.

Classic references on the stochastic difference equation X = (in law) B(X+C) (which
appears in Section 3) are Kesten (1973), Vervaat (1979) and Chamayou & Letac (1991);
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see also Dufresne (1996, 1998). A reference for the special functions appearing in this paper
is Lebedev (1972).

The usual shifted factorials

(a)0 = 1, (a)n = a(a+ 1) · · · (a+ n− 1) =
Γ(a+ n)

Γ(a)
, n ≥ 1,

will be used. The Mellin transform of the distribution of a non-negative variable X is the
function r �→ EXr. If X has a density f then this is

EXr =
∫ ∞

0

dxxrf(x).

For consistency, the Mellin transform Mf(r) of any function f : R+ → R will be de-
fined by the same integral. (N.B. In analysis the Mellin transform is usually defined as∫
dxxr−1f(x).) The multiplicative convolution of functions f, g on (0,∞) is defined as

(f � g)(y) =
∫ ∞

0

dx

x
f(x)g

(y
x

)
.

Hence, the density of the product Y = X1X2 of two independent positive variables with
densities f1, f2 is f1 � f2. We recall the beta and gamma functions:

∫ 1

0

duua−1(1 − u)b−1 =
Γ(a)Γ(b)
Γ(a+ b)

= B(a, b),
∫ ∞

0

dxxc−1e−x = Γ(c),

which are well-defined for Re(a),Re(b),Re(c) > 0. We also define

fa,b(u) =
1

B(a, b)
ua−1(1 − u)b−11{0<u<1}

hc(x) =
xc−1e−x

Γ(c)

for Re(a),Re(b),Re(c) > 0, with Mellin transforms
∫ ∞

0

duurfa,b(u) =
Γ(a+ r)Γ(a+ b)
Γ(a+ b+ r)Γ(a)

,

∫ ∞

0

dxxrhc(x) =
Γ(c+ r)

Γ(c)

(for Re(r) > −a and Re(r) > −c, respectively). When a, b, c > 0, the functions fa,b and hc
are the density functions of the usual Beta(a, b) and Gamma(c) distributions.

The Gauss hypergeometric function 2F1 has an analytic continuation to other regions
of the complex plane, but for our purposes it will be sufficient to think of it as

2F1(a, b; c; z) =
∞∑
n=0

(a)n(b)n
(c)n

zn

n!
, c �= 0,−1,−2, . . . , |z| < 1. (1.2)

The parameters a, b, c may be complex. A probabilistic interpretation of this function is as
follows. If B ∼ Beta(a, b) is independent of G ∼ Gamma(c), then, calculating EezBG in

3



Beta products with complex parameters

two different ways (summing the moments or conditioning on B), we get, for a, b, c > 0,
|z| < 1,

2F1(a, c; a+ b; z) =
1

B(a, b)

∫ 1

0

duua−1(1 − u)b−1(1 − uz)−c. (1.3)

Dropping the probabilistic interpretation, this formula (due to Euler) extends to Re(a) > 0,
Re(b) > 0, c ∈ C, | arg(1 − z)| < π (Lebedev, 1972, p.240).

2. The beta product distribution with complex parameters

The function fa,b is not a probability density for complex values of the parameters
a and b, but it will now be shown that there are choices of complex numbers a, b, c, d
such that fa,b � fc,d is a true probability density function. To ensure that the integrals
below converge, suppose Re(a),Re(b),Re(c),Re(d) > 0; then the product convolution is,
for 0 < u < 1:

g(u) =
∫ 1

u

dv

v
fa,b

(u
v

)
fc,d(v)

=
1

B(a, b)B(c, d)

∫ 1−u

0

dw

1 − w
fa,b

( u

1 − w

)
fc,d(1 − w)

=
1 − u

B(a, b)B(c, d)

∫ 1

0

dx

1 − x(1 − u)
fa,b

( u

1 − x(1 − u)

)
fc,d(1 − x(1 − u))

=
ua−1(1 − u)b+d−1

B(a, b)B(c, d)

∫ 1

0

dxxd−1(1 − x)b−1(1 − x(1 − u))c−a−b

=
Γ(a+ b)Γ(c+ d)
Γ(a)Γ(c)Γ(b+ d)

ua−1(1 − u)b+d−1
2F1(a+ b− c, d; b+ d; 1 − u)

by (1.3).

Remark. Since multiplicative convolution is symmetrical, the roles of (a, b) and (c, d) may
be reversed in the previous derivation, giving

g(u) =
Γ(a+ b)Γ(c+ d)
Γ(a)Γ(c)Γ(b+ d)

uc−1(1 − u)b+d−1
2F1(c+ b− a, b; b+ d; 1 − u).

Equating the two expressions for g(u) and letting z = 1−u, α = a+b−c, β = d, γ = b+d,
we obtain Euler’s formula (Lebedev, 1972, p.248):

2F1(α, β; γ; z) = (1 − z)γ−α−β2F1(γ − α, γ − β; γ; z).

Define

ga,b,c,d(u) =
Γ(a+ b)Γ(c+ d)
Γ(a)Γ(c)Γ(b+ d)

ua−1(1−u)b+d−1
2F1(a+b−c, d; b+d; 1−u)1{0<u<1}. (2.1)

We look for values of a, b, c, d (besides a, b, c, d > 0) for which the expression in (2.1) is
a probability density function. First, when u ↑ 1 the hypergeometric function tends to 1,
and thus

ga,b,c,d(u) ∼ Γ(a+ b)Γ(c+ d)
Γ(a)Γ(c)Γ(b+ d)

(1 − u)b+d−1
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as u ↑ 1. If Im(b+ d) = γ �= 0, then (1−u)Im(b+d) = exp(iγ log(1−u)) goes round the unit
circle in C, and thus has real and imaginary parts that change sign as u increases to 1.
This implies that, irrespective of the rest of (2.1), as u tends to 1 from the left the function
ga,b,c,d(u) cannot remain real and non-negative. Therefore we must have Im(b+ d) = 0. In
order for the density to be integrable near 0, it is also required that Re(b+ d) > 0.

Under the assumption that Re(a),Re(b),Re(c),Re(d) > 0, the convolution property of
Mellin transforms yields∫ 1

0

duurga,b,c,d(u) =
Γ(a+ r)Γ(c+ r)Γ(a+ b)Γ(c+ d)
Γ(a+ b+ r)Γ(c+ d+ r)Γ(a)Γ(c)

(2.2)

for Re(r) > −min(Re(a),Re(c)). Either side is an analytic function of a, b, c, d, r in the
indicated region, but the restrictions Re(b),Re(d) > 0 may be removed by analytic contin-
uation. More precisely, if Re(a),Re(c),Re(a + b),Re(c + d), b + d > 0, then ga,b,c,d(u) will
now be shown to be integrable over (0, 1), and so the left-hand side of (2.2) will be an
analytic function or r, as is the right-hand side. This implies equality of both sides in the
larger region.

To prove that ga,b,c,d is integrable over (0, 1) under these weaker conditions, recall
that b+ d > 0 and 2F1(α, β; γ; 0) = 1 imply that

∫ 1

1−ε |ga,b,c,d(u)| du is finite. Next, assume
that Re(c− a) > 0. Then, using Re(a) > 0 and the formula (Lebedev, 1972, p.244)

lim
z→1− 2F1(α, β; γ; z) =

Γ(γ)Γ(γ − α− β)
Γ(γ − α)Γ(γ − β)

if Re(γ − α− β) > 0, (2.3)

we see that
∫ ε
0
|g(u)| du is finite. If Re(c− a) < 0, then reverse the roles of (a, b) and (c, d)

in the previous argument to get the same result. If Re(c− a) = 0, c− a �= 0, then use the
formula (Lebedev, 1972, p.249):

2F1(α, β; γ; z) =
Γ(γ)Γ(γ − α− β)
Γ(γ − α)Γ(γ − β) 2F1(α, β; 1 + α + β − γ; 1 − z)

+(1 − z)γ−α−β
Γ(γ)Γ(α + β − γ)

Γ(α)Γ(β) 2F1(γ − α, γ − β; 1 − α− β + γ; 1 − z),

| arg z| < π, | arg(1 − z)| < π, α + β − γ �= 0,±1,±2 . . . , (2.4)

to rewrite (2.1) as the sum of two functions integrable over (0, ε).

Finally, if c = a, then the hypergeometric function in (2.1) is of the form 2F1(α, β;α+
β; z) with γ−α−β = 0, so the above arguments break down. If b, d > 0 there is nothing to
prove, as we are then back to the original derivation of (2.2). Suppose Im(b) �= 0. From the
assumption that b+d > 0 this means that b = b1+ib2, d = d1−ib2 with b1+d1 > 0, b2 �= 0.
The hypergeometric function in (2.1) now equals

∞∑
n=0

(b)n(d)n
(b+ d)n

(1 − u)n

n!
.

Compare this sum with the one obtained for b′ = b′1 + ib2, d′ = d′1 − ib2, with b′1 = d′1 =
(b1 + d1)/2. By squaring and expanding both sides, it can be verified that

|(b+ n)(d+ n)| ≤ |(b′ + n)(d′ + n)| (2.5)
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for all n large enough. It follows that for u ∈ (0, ε) the norm of (2.1) is bounded above by
ua−1 times K +K ′

2F1(b′, d′; b′ + d′; 1− u), where K1,K2 are constants. This is integrable
over (0, ε) by what was seen above in the case Re(c − a) = 0, c �= a. (More details on
this step in the Appendix.) We have thus proved that (2.2) holds if Re(a),Re(c),Re(a +
b),Re(c+ d), b+ d > 0 and Re(r) > −min(Re(a),Re(c)).

The theorem below gives sufficient conditions for all terms of the series expansion for
the 2F1 in (2.1) to be non-negative, thus proving that ga,b,c,d is a probability density.

Theorem 1. The function ga,b,c,d is a probability density function if a, c, b+d are real and
positive, Re(a+ b),Re(c+ d) > 0, and either

(a) (real case) all parameters are real and min(a, c) < min(a+ b, c+ d); or

(b) (complex case) Im(b) = −Im(d) �= 0 and a+ b = c+ d.

Proof. By (2.2) we know that ga,b,c,d(u) integrates to 1 in cases (a) and (b); it only
remains to check that the function is non-negative. In case (a), if b, d > 0 then ga,b,c,d is
the multiplicative convolution of two probability densities, and so is a probability density.
If b ≤ 0, then necessarily d > 0; moreover, min(a, c) < min(a+ b, c+ d) implies a+ b > c,
since b ≤ 0 implies a+ b ≤ a. We then write the hypergeometric function in (2.1) as

∞∑
n=0

(a+ b− c)n(d)n
(b+ d)n

(1 − u)n

n!
, (2.6)

the terms of which are all positive. In case d ≤ 0 just reverse the roles of (a, b) and (c, d)
to conclude once more that ga,b,c,d ≥ 0.

In case (b), the leading constant in (2.1) is real and positive because Γ(z)Γ(z) =
Γ(z)Γ(z) ∈ R++ and so

Γ(a+ b)Γ(c+ d)
Γ(a)Γ(c)Γ(b+ d)

=
|Γ(a+ b)|2

Γ(a)Γ(c)Γ(b+ d)
> 0.

The denominator of each term in (2.6) is positive, and so is the numerator , since a+ b =
c+ d implies

(a+ b− c)n(d)n = (a+ b− c)n(a+ b− c)n = |(a+ b− c)n|2.

Hence, ga,b,c,d(u) is positive for 0 < u < 1, and (2.1) says that it integrates to 1.

Definition. The probability distribution with density ga,b,c,d will be called beta product,
denoted BetaP(a, b, c, d).

Eq.(2.2) gives the Mellin transform of B ∼ BetaP(a, b, c, d), and so its moments are

EBn =
(a)n(c)n

(a+ b)n(c+ d)n
, n = 1, 2, . . . .

In the complex case (part (b) of theorem) this is may also be written as

EBn =
(a)n(c)n
|(a+ b)n|2

, n = 1, 2, . . . .
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It is not obvious that those moments are smaller than 1 in cases (a) and (b) of Theorem 1.
In case (a), if b, d > 0 then all moments are obviously in (0,1), since they are the products
of moments of two ordinary beta distributions. If b ≤ 0, then as seen in the proof we must
have d > 0 and a+ b > c, and so

EB < 1 ⇔ (a+ b)(c+ d) − ac > 0 ⇔ ad+ bc+ bd > 0.

But ad+bc+bd = (a+b)d+bc > cd+bc = c(b+d) > 0, which shows EB < 1. It is similarly
checked that EBn+1/EBn < 1, as it should be. In the complex case, writing b = b1 + ib2,
d = d1 − id2, we find that a, c, b+ d > 0, a+ b = c+ d imply

min(a, c) < min(a+ b1, c+ d1) = a+ b1 = c+ d1,

so the same arguments used in case (a) lead to

ac < (a+ b1)(c+ d1) = (a+ b1)2 ≤ |a+ b|2,

and so to EBn+1/EBn < 1 for all n = 0, 1, . . ..

The BetaP(a, b, c, d) distribution is determined by its moments, and its Laplace trans-
form is a hypergeometric function:

Ee−sB =
∞∑
n=0

(a)n(c)n
(a+ b)n(c+ d)n

(−s)n
n!

= 2F2(a, c; a+ b, c+ d;−s), s ∈ C.

The restrictions on a, b, c, d allow one of b and d (but not both) to have a negative
real part. For instance, the BetaP(2, 5, 8,−1) density is shown in Figure 1.

[Figure 1 approximately here]

Theorem 1 leaves open the question of whether there might be other parameters
(a, b, c, d) that are not all real and that also lead to a true probability density function
ga,b,c,d. Consider the case

a = 3 + i/10, b = 2 + i, c = 3 − i/10, d = 2 − i

(see Figure 2). This is one instance where Re(a) > 0, c = a, b + d > 0, a + b = c+ d. In
those cases the moments

∫ 1

0

duunga,b,c,d(u) =
|(a)n|2

|(a+ b)n|2
, n = 0, 1, 2, . . . ,

are all positive, and ga,b,c,d integrates to 1. By all appearances the function in Figure 2 is
a probability density function. This leads to a more detailed analysis of the problem, and
the following result.

[Figure 2 approximately here]
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Characterisation of some G distributions

Theorem 2. Consider the G distributions on (0, 1) denoted
(

a c
a+ b c+ d

)
, with all

parameters allowed to be complex. Suppose this is a simplified expression, meaning that
a �= a+ b, a �= c+ d, and so on. Then this is the Beta(a, b, c, d) distribution, with a, c and
b+ d are and positive, Re(a+ b),Re(c+ d) > 0, and either

(a) (real case) all parameters are real and min(a, c) < min(a+ b, c+ d); or

(b) (complex case) Im(b) = −Im(d) �= 0 and a+ b = c+ d.

The consequence is that the cases listed in Theorem 1 are the only ones where ga,b,c,d
is a probability density function, apart from the “degenerate” cases where one of a or c
equals a+ b or c+ d, which correspond to an ordinary beta distribution.

Proof. The notation

X ∼
(

a c
a+ b c+ d

)

means that

EXr =
Γ(a+ r)Γ(c+ r)Γ(a+ b)Γ(c+ d)
Γ(a+ b+ r)Γ(c+ d+ r)Γ(a)Γ(c)

(2.7)

for r in some interval that includes 0. If X only takes values in (0, 1), then EXr is finite
for all r ≥ 0, and must equal (2.7). The numerator has poles at r = −a,−c (which are
not offset by poles of the denominator), and so we must have Re(a),Re(c) > 0. We thus
assume that (2.7) holds for all r > −min(Re(a),Re(c)). (More exactly, since X ∈ (0, 1), the
function EXr must have a pole at the real number r∗ where it stops existing, the “abcissa
of convergence”, see Widder (1941, p.59); hence, if neither a nor c is real, then necessarily
EXr must exist and be finite for all r ∈ R.)

Moreover, EXr tends to 0 as r → ∞, and we apply the asymptotic result

Γ(α + z)
Γ(β + z)

∼ zα−β
[
1 +

(α− β)(α + β − 1)
2z

+ O(z−2)
]
, | arg z| < π

(Lebedev, 1972, p.15), to get
EXr ∼ Kr−b−d

(K a constant) as r → ∞, which implies Im(b+ d) = 0, b+ d > 0. From (2.2), this means
that X has a density given by (2.1).

If Re(c− a) > 0, then (2.3) leads to

g(u) ∼ Kua−1 as u ↓ 0

(K a constant), and this entails Im(a) = 0, Re(a) > 0. For real r, the ratio

EXr

EXr+1
=

(a+ b+ r)(c+ d+ r)
(a+ r)(c+ r)

8
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is real, and a ∈ R further implies that

(a+ b+ r)(c+ d+ r)
(c+ r)

= g(r)

is also real for all r ≥ 0. Multiply each side by c+ r and differentiate twice to get

2 = g′′(r)(c+ r) + 2g′(r),

which in turn tells us that c ∈ R, and so c > 0. That g(0) is real then says that (a+b)(c+d) ∈
R. There are two possibilities: (1) both b and d are real, and (2) at least one of b or d is
complex.

In case (1), (2.7) has poles at −a,−c and zeros at −(a+ b), −(c+ d). Since EXr > 0
for all real r such that the expectation exists, we must have min(a, c) < min(a + b, c + d)
(i.e. a pole must be met before a zero when travelling left on the real axis). We have thus
proved that Re(c− a) > 0, b, d ∈ R imply case (a) of the theorem.

In case (2), the numbers z1 = a + b, z2 = c + d are not both real, have a positive
product (because EX = ac/(a+ b)(c+ d) > 0 and ac > 0) and a positive sum (since
a, c, b+ d > 0); hence we must have z1 = z2 and Re(z1) = Re(z1 + z2)/2 > 0, that is

a+ b = c+ d, Re(a+ b) = Re(c+ d) > 0. (2.8)

We have thus shown that if Re(c− a) > 0 and if one of b and d (or both) is not real, then
case (b) of Theorem 2 ensues. If Re(a− c) > 0, then we can reverse the roles of (a, b) and
(c, d) in the above, and get the same conclusion, i.e. either (a) or (b) holds.

We now turn to the case Re(c− a) = 0, and show that necessarily a, c > 0 once again.
We first show that we must have c = a. From (2.7),

EXr

EXr+1
=

(a+ b+ r)(c+ d+ r)
(a+ r)(c+ r)

= k(r) ∈ R (2.9)

for any r > −Re(a). This is the same as

(a+ b+ r)(c+ d+ r) = k(r)(a+ r)(c+ r).

Write a = a1 + ia2, c = a1 + ic2 with a1, a2, c2 real, differentiate the last identity twice and
then let r → −a1 to get

2 = k′′(−a1)(−a2c2) + 2k′(−a1)i(a2 + c2) + 2k(−a1).

The first and last terms on the right are real, and so must the middle term, implying
a2 + c2 = 0, which means a = c. (The function h and its derivatives at −a1 exist if both
a2 and c2 are non-zero; if only one is not zero, say c2, then the same argument works if
k(r) is replaced with k̃(r) = k(r)(a+ r) = (a+ b+ r)(c+ d+ r)/(c+ r).)

Next, we show that Im(a) = Im(c) = 0. Suppose this is not the case, that is a2 =
Im(a) = −Im(c) �= 0. The denominator in (2.9) is real since a = c, and so must be the
numerator, call it p(r). Write b = b1 + ib2, d = d1 − ib2. Then

p(−a1 − b1) = (ia2 + ib2)(−ia2 + d1 − b1 − ib2)

9
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is real, implying either (i) a2 = −b2 or (ii) b1 = d1, or both. Case (i) implies EX−a1−b1 = 0
by (2.7), a contradiction; we therefore exclude (i). In case (ii) we have b = d. Applying
formulas (2.2), (2.1) and (2.4), we then know that the density of X is

ua1−1(1− u)b+d−1[Cuia2
2F1(b+ 2ia2, d; 1 + 2ia2;u) +Cu−ia2

2F1(d− 2ia2, b; 1− 2ia2;u))]

where C is a constant. The expression in square brackets is the sum of a series uia2
∑

αnu
n

and its conjugate, and may be expressed as:
∞∑
n=0

2Re(uia2αn)un ∼ 2Re(uia2α0) as u → 0.

The last expression takes positive and negative values as u tends to 0, which is a contra-
diction, and we conclude that a2 = 0.

We have just proved that Re(c − a) = 0 implies a = c. The other claims then easily
follow from a = c > 0, b + d > 0. There are again two possibilities: (1) both b and d are
real, and (2) at least one of b or d is complex. In case (1) the requirement that one pole
of EXr be to the right of all zeros implies b, d > 0, and this means that case (a) of the
theorem holds. In case (2), (2.8) is obtained from the same arguments as before, implying
case (b) of the theorem. When a = c we moreover must have b = d.

Theorem 2 says that the function in Figure 2 is NOT a probability density function.
It is not immediately clear what the problem might be with that function, but, after
looking at the graph more closely (and incresing the workking precison of Mathematica’s
“NIntegrate” function), one finds that the function takes negative values very close to the
origin, see Figure 3. As the last part of the proof of Theorem 2 indicates, the function has
damped oscillations as u → 0.

[Figure 3 approximately here]

Beta product viewed as discrete combination of ordinary betas

The BetaP(a, b, c, d) density (2.1) can be expanded as a series, showing that the
distribution is a combination of Beta(a, b+ d+ n) distributions, with weights

wn =
Γ(a+ c)Γ(c+ d)(a+ b− c)n(d)n

Γ(c)Γ(a+ b+ d+ n)n!
, n = 0, 1, . . . .

Observe that this expression as a combination of ordinary beta distributions is in general
not unique, since another one is found by reversing the roles of (a, b) and (c, d). The
weights {wn} are not necessarily positive nor real. It is also possible that only a finite
number of those weights are non-zero, this happens when either a+ b− c, b, c+ d− a or d
is a non-positive integer (which causes the hypergeometric function to terminate).

Connection with the logbeta distribution

Theorem 1 may be rewritten in terms of the logbeta distribution. In Dufresne (2007),
this distribution is defined as follows: for any α, β, γ > 0,

X ∼ LogBeta(α, β, γ) ⇔ e−γX ∼ Beta(β/γ, α)

10
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(γ is a scale parameter). The density of this distribution is

γ

B
(
β
γ , α

)e−βx(1 − e−γx)α−11{x>0}. (2.10)

This family includes the exponential (α = 1), and gamma distributions are limit points of
the logbeta family.

What was said about multiplicative convolutions of beta densities translates immedi-
ately into results about additive convolutions of logbeta densities. Theorems 1 and 2 then
say that two such functions with parameters (αj , βj , γ), j = 1, 2, have an additive convo-
lution which is a probability density if, and only if, γ, β1, β2, α1 +α2,Re

(
β1
γ +α1

)
,Re

(
β2
γ +

α2

)
> 0 and either (a′) all parameters are real and min(β1, β2) < min(β1 +γα1, β2 +γα2),

or (b′) α1, α2 are complex and β1 + γα1 = β2 + γα2.

The BetaP(a, b, c, d) is a new distribution for b or d /∈ R++

It is important to check that the BetaP(a, b, c, d) is in fact a new distribution when
b, d are not both positive and real. It could turn out to be the same as the multiplicative
convolution of some ordinary real-parameter beta distributions. We now show that if b /∈
R++ then it is not possible to find positive numbers a1, a2, b1, b2 such that Beta(a, b, c, d) =
Beta(a1, b1)�BetaP(a2, b2). This is easily done by proving that Mellin transforms cannot
be equal. If they were, then taking the ratio of the transforms at r+ 1 and at r, we would
get

(a+ r)(c+ r)
(a+ b+ r)(c+ d+ r)

=
(a1 + r)(a2 + r)

(a1 + b1 + r)(a2 + b2 + r)

for any r with Re(r) > −min(a, c). Both are meromorphic functions, and thus must have
the same zeros and the same poles; this is impossible unless there is equality between the
quadruples (a, b, c, d) and (a1, b1, a2, b2) (or (a, b, c, d) and (a2, b2, a1, b1))

Factorisations

Mellin transforms immediately show that for any a, b, c > 0,

Beta(a, b) � Beta(a+ b, c) = Beta(a, b+ c).

This trivially implies that when a1, a2, b1, b2, c1, c2 > 0 we also have

BetaP(a1, b1, a2, b2) � BetaP(a1 + b1, c1, a2 + b2, c2) = BetaP(a1, b1 + c1, a2, b2 + c2).

When b1 (and therefore b2) is not real, however, the last identity does not hold, because it
involves a first parameter a1 + b1 that is not real. There is another multiplicative property
of the BetaP distribution which does hold in real and complex cases. Suppose that a <
γ < a+ Re(b); then Mellin transforms imply that

BetaP(a, b, c, d) = BetaP(γ, a+ b− γ, c, d) � Beta(a, γ − a).

In particular, when Im(b) �= 0 and a < c < a+ Re(b),

BetaP(a, b, c, d) = BetaP(c, a+ b− c, c, a+ b− c) � Beta(a, c− a).

11
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3. An example

Consider a model under which i.i.d. claims {Cn} occur at times {Tn}, and that one
wishes to find the law of the discounted value of all future claims. If the discount rate is
r > 0, then this is

X =
∞∑
n=1

e−rTnCn.

Let the waiting times W1 = T1,Wn = Tn − Tn−1, n ≥ 2 be i.i.d., making {Tn} a renewal
process, and assume moreover that {Tn} and {Cn} are independent. Then the above sum
may be rewritten as

X =
∞∑
n=1

B1 · · ·BnCn,

if Bn = e−rWn . Such sums of products of random variables occur in a variety of models
and have been sudied for a while. It is known (see Vervaat, 1979 for details) that X is
finite w.p.1 if P(W1 > 0) > 0 and E log |C1| < ∞, and that it is then the unique solution
of the identity in law

X
d=B1(X + C1), (3.1)

There is yet no general method to find X given arbitrary B,C, but a number of explicit
cases are known. The example given here is, to the author’s knowledge, a new explicit
solution of (3.1).

Consider the case where W1 ∼ Gamma(3, λ) for some λ > 0 and C1 ∼ Gamma(1, 1).
(N.B. The waiting times have a distribution which is the same as that of the sum of three
independendent Exp(λ) variables, and we may equivalently imagine that claims arrive
according to a Poisson process with parameter λ, and that only claims number 3, 6, and
so on, are discounted.) Eq.(3.1) then holds. From results Section 5 of Vervaat (1979), X
has finite moments of all order, and

xn = EXn = bn

( n∑
j=0

(
n

j

)
xj(n− j)!

)
, bn = EBn, n ≥ 0. (3.2)

This recursive equation uniquely determines the moments of X, because 0 < bn < 1 for all
n ≥ 1. Define

β = λ/r, γ = 1 +
β

2
(3 + i

√
3)

and consider the sequence

ξn =
(β)3n

(γ)n(γ)n
.

We first show that this sequence satisfies (3.2). Noting that

bn =
β3

(β + n)3
,

we need to show that

ξn = n!
β3

(β + n)3

n∑
j=0

ξj
j!
,

12
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which is equivalent to

(β)3n
(γ)n(γ)n

(β + n)3

n!β3
=

n∑
j=0

1
j!

(β)3j
(γ)j(γ)j

.

Proceed by induction. The result is correct for n = 0; suppose it holds for n = 0, 1, . . . , N .
It remains to verify that

(β)3N
(γ)N (γ)N

(β +N)3

N !β3
+

1
(N + 1)!

(β)3N+1

(γ)N+1(γ)N+1
=

(β)3N+1

(γ)N+1(γ)N+1

(β +N + 1)3

(N + 1)!β3
.

Cancelling common factors, this identity is the same as

(N + 1)(γ +N)(γ +N) + β3 = (β +N + 1)3,

which is easily checked. We have thus proved that the sequence {ξn} satisfies (3.2).

Now, ξn is the n-th moment of Y = GH, where G ∼ BetaP(β, γ − β) and H ∼
Gamma(β) are independent. The distribution of Y is determined by its moments, since

EesY =
∞∑
n=0

(β)3n
(γ)n(γ)n

sn

n!
= 3F2(β, β, β; γ, γ; s)

for s < 1. The identity in law (3.1) has a unique solution X, which has the same moments
as Y . The conclusion is that X ∼ BetaP(β, γ − β, β, γ − β) � Gamma(β). Finally, the
density of X is

fX(x) =
∫ 1

0

du

u
gβ,γ−β,β,γ−β(u)

(
x

u

)β−1

e−x/u 1{x>0}.

This example bears some similarities with the model studied in Chamayou & Dunau
(2002). Other results on the identity X

d=B(X + C) will be given in Dufresne (2007), as
well as more details on how to solve the recursive equation for the moments {xn}.

4. Complex gamma convolutions

Since beta and gamma distributions are intimatley related, a natural question to ask
next is whether the same would happen for gamma densities. Consider the functions

ha(x) =
xa−1

Γ(a)
e−x1{x>0}, Re(a) > 0.

If Im(a) �= 0, then this is not a probability density. Nonetheless, the Mellin transform of
the multiplicative convolution of ha and ha is real for real arguments r, and equals

∫
dy yr(ha � ha)(y) =

∣∣∣∣Γ(a+ r)
Γ(a)

∣∣∣∣
2

, r ∈ R.

13
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Therefore, ha � ha is real. This function may be expressed in terms of Bessel functions:
using the formulas

Kν(z) =
π

2
I−ν(z) − Iν(z)

sin νπ
=

1
2

(z
2

)ν ∫ ∞

0

e−t−z
2/4tt−ν−1 dt,

which relate the modified Bessel functions of the first and third kind (Lebedev, 1972, p.119;
the second identity holds whenever Re(z2) > 0), we get (letting β = 2Im(a))

(ha � ha)(y) =
∫ ∞

0

dx

x
ha(x)ha

(y
x

)

=
ya−1

|Γ(a)|2
∫ ∞

0

dxxiβ−1e−x−y/x

=
ya−1

|Γ(a)|2 2(
√
y)iβK−iβ(2

√
y)

= − 2πyRe(a)−1

|Γ(a)|2 sinh(βπ)
Im(Iiβ(2

√
y)).

This is a real number for any y > 0, and, from

Iν(z) =
∞∑
k=0

(z/2)ν+2k

Γ(k + 1)Γ(k + ν + 1)

we find that

(ha � ha)(y) ∼ − 2πyRe(a)−1

|Γ(a)|2 sinh(βπ)
Im

(
yiβ/2

Γ(1 + iβ)

)

as y ↓ 0. The last expression changes sign endlessly as y tends to 0, and thus the convolution
of ha and ha is not a probability density if Im(a) �= 0.

There is an interesting curiosity related to the above negative result. Suppose once
again that Re(a) > 0, Im(a) �= 0. Since the Mellin transform of the multiplicative convolu-
tion of ha � ha with the BetaP(b, a− b, b, a− b) density, 0 < b < Re(a), is

∣∣∣∣Γ(a+ r)
Γ(a)

∣∣∣∣
2 ∣∣∣∣Γ(b+ r)Γ(a)

Γ(b)Γ(a+ r)

∣∣∣∣
2

=
∣∣∣∣Γ(b+ r)

Γ(b)

∣∣∣∣
2

.

The right-hand side is the Mellin transform of hb�hb, which is of course a true probability
density. We conclude that the last equation is an instance of the convolution of a probability
density with a function which is not a probability density, the outcome of which is a true
probability density:

ha � ha � gb,a−b,b,a−b = hb � hb.

When a ∈ R++, this of course reduces to the well-known identity in law

Gamma(a) � Beta(b, a− b) = Gamma(b).

The same occurs with beta product distributions: the first function in

ga+b,c,a+b,c � ga,b,a,b = ga,b+c,a,b+c

14
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is not a probability density, but the other two are, if a,Re(b),Re(c) > 0, Im(b) �= 0.

5. Complex beta and gamma convolutions

Suppose Re(a),Re(b),Re(c) > 0 and consider the multiplicative convolution of the
functions fa,b and hc. The Mellin transform of the outcome is

m(r) =
Γ(a+ r)Γ(c+ r)Γ(a+ b)

Γ(a+ b+ r)Γ(a)Γ(c)
, (5.1)

and the ratio

k(r) =
m(r + 1)
m(r)

=
(a+ r)(c+ r)
a+ b+ r

.

is real at least for all r ≥ 0. Multiplying k(r) by a + b + r and differentiating twice tells
us that a + b is real, which in turn implies that there are two cases. Considering the first
derivative of (a + b + r)k(r) then says that a + c is real. This in turn implies that ac ∈ R

and so a = c. If Im(a) = 0 then we conclude that a, b, c > 0. If Im(a) �= 0, then (5.1) says
that EXr is finite for all r ∈ R, and in particular EX−a−b = 0, which is impossible. It was
then incorrect to assume Im(a) �= 0.

Theorem 3. Consider the G distributions on (0,∞) denoted

(
a b

–

)
,

(
a c
a+ b

)
,

where a, b, c are allowed to take arbitrary complex values, and a, c �= a+b. Then a, b, c must
be real and positive, and the two G distributions are the same as, respectively, Gamma(a)�
Gamma(b) and Beta(a, b) � Gamma(c).

Proof. In the first case, it is easy to see that the following must hold: Re(a),Re(b) > 0;
either (1) a, b > 0 or (2) a = b. The rest was spelled out in Section 4. In the second case
it is clear that we must have Re(a),Re(c) > 0, and the arguments given above finish the
proof.
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Appendix: Inequality (2.5)

The inequality used here is: for fixed α, β, γ ∈ R, there is n0 < ∞ such that |(α + n +
iγ)(β + n− iγ)| ≤ |z|2 for all n ≥ n0, if z = (α+ β)/2 + n+ iγ. We need to show that for
n large enough we have Ln ≤ Rn, with

Ln = |(α + n+ iγ)(β + n− iγ)|2, Rn =
∣∣∣∣
(
α + β

2

)
+ n+ iγ

∣∣∣∣
4

.

Expanding, we find

Ln = [(α + n)2 + γ2][(β + n)2 + γ2] = (α + n)2(β + n)2 + γ2[(α + n)2 + (β + n)2] + γ4

Rn =
(
α + β

2
+ n

)4

+ 2γ2

(
α + β

2
+ n

)2

+ γ4.
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Then:

(
α + β

2
+ n

)4

− (α + n)2(β + n)2

=

[(
α + β

2
+ n

)2

− (α + n)(β + n)

] [(
α + β

2
+ n

)2

+ (α + n)(β + n)

]

=
(α− β)2

4

[
2n2 + 2n(α + β) +

(α + β)2

4
+ αβ

]

2γ2

(
α + β

2
+ n

)2

− γ2[(α + n)2 + (β + n)2] = −γ2

2
(α− β)2.

Hence, Rn − Ln ∼ (α− β)2n2/2 as n → ∞, which implies that for n > n0

|(b)n(d)n| ≤
∣∣∣∣ (b)n0(d)n0

(b′)n0(d′)n0

∣∣∣∣ |(b′)n(d′)n| = K|(b′)n(d′)n|.

Then

|2F1(b, d; b+ d; 1 − u)| ≤
n0∑
n=0

|(b)n(d)n|
(b+ d)n

(1 − u)n

n!
+

∞∑
n=n0

(b′)n(d′)n
(b+ d)n

(1 − u)n

n!

≤ K ′ +K2F1(b′, d′; b+ d; 1 − u)

where K ′ is an upper bound for the polynomial of degree n0 obtained, for 0 ≤ u ≤ ε.
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Figure 1. The BetaP(2,5,8,−1) density function.
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Figure 2. The function g3+i/10,2+i,3−i/10,2−i(u), 0 < u < 1.
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Figure 3. The function g3+i/10,2+i,3−i/10,2−i(u), 0 < u < 3 × 10−15.

20

5.µ10-16 1.µ10-15 1.5µ10-15 2.µ10-15 2.5µ10-15 3.µ10-15

-2.µ10-28

2.µ10-28

4.µ10-28

6.µ10-28


